We investigate the interaction between scalar fields and radiation in the framework of warm inflationary models by using the irreversible thermodynamics of open systems with matter creation/annihilation. We consider the scalar fields and radiation as an interacting two component cosmological fluid in a homogeneous, spatially flat and isotropic Friedmann-Robertson-Walker (FRW) Universe.
Introduction
One of the keystones of present day cosmology is represented by the inflationary paradigm, introduced in [1] , and representing one of the most influential theoretical models ever proposed in cosmology. Inflation requires the presence in the early Universe of a scalar field φ, with a self-interaction potential V(φ), and having an energy density ρ φ , and a pressure p φ , respectively [2] . In the initial formulation of the inflationary model, the scalar field potential reaches a local minimum at φ = 0, through supercooling from a phase transition. After that the Universe experiences an exponential, de Sitter type expansion. But in this theoretical model, called "old inflation", there is no graceful exit to the rapidly accelerating, inflationary era. Hence several inflationary models, including the "new" and the chaotic inflationary models have been proposed [3, 4, 5] , with the explicit goal of solving the graceful exit problem. However, each of these models face their own theoretical problems. For recent reviews of different aspects of cosmology and the inflationary theory see [7, 8] .
Recently, high precision measurements of the Cosmic Microwave Background (CMB) radiation has given the possibility of testing the crucial predictions of inflation on the primordial fluctuations, such as Gaussianity and scale independence [9, 10, 11, 12, 13, 14] . From the CMB fluctuations one can determine the cosmological parameters, and then they can be used to constrain the inflationary models. Two important inflationary parameters, the slow-roll parameters ǫ and η can be obtained immediately from the potentials of the scalar fields driving inflation. Since these parameters can be also determined observationally, it follows that the corresponding inflationary models can be fully tested [15, 16, 17, 18, 19] .
A central result of inflationary scenarios has been the prediction of the statistical isotropy of the Universe. Nevertheless, recent observations of the large scale structure of the Universe have suggested the prospect that the principles of homogeneity and isotropy may not be valid at all scales. Thus the presence of an inherent large scale anisotropy of cosmological origin in the Universe cannot be excluded a priori [22] . The CMB data may also indicate the existence of some tension between the predictions of the theoretical models and the observations. For example, the combined WMAP and Planck polarization data point towards a numerical value of the index of the power spectrum as given at the pivot scale k 0 = 0.05 Mpc −1 by n s = 0.9603 ± 0.0073 [10, 11] . This result, if correct, clearly excludes at more than 5σ the exact scale-invariance (n s = 1), implied by some inflationary models [20, 21] . The combined constraints on r and n s impose strong limits on the inflationary theories. Thus, for example, power-law potentials of the form φ 4 cannot generate a satisfactory number of e-folds (of the order of 50-60) for inflation models in the restricted space r − n s at a 2σ level [11] . In fact, presently the theories of inflation have not yet reached a general consensus and acceptance. One important reason for this is that not only the global inflationary description, but also the specific aspects of the theoretical models are based on scientific ideas beyond the Standard Model of particle physics.
The exponential growth of the size of the Universe during inflation leads to a homogeneous, isotropic but deserted Universe. Hence it is believed that radiation, elementary particles and different forms of matter have been created at the end of inflation, in the period of reheating. Matter was created due to the transfer of energy from the inflationary scalar field to elementary particles. Reheating was initially suggested in the framework of the new inflationary scenario [3] , and subsequently developed in [23, 24, 25] . The basic idea of reheating is as follows. After the rapid, de Sitter type expansion of the Universe, the inflationary scalar field reaches its minimum value. Then it begins to oscillate around the minimum of the potential, and it decays into matter, in the form of Standard Model elementary particles that interact with each other, finally attaining a thermal equilibrium state of temperature T .
Quantum field theoretical approaches have led to a more complex view of reheating, involving the presence of initial, powerful particle creation through parametric resonance and inflaton, in a phase called preheating, with the produced particles in a highly nonequilibrium distribution, which afterwards relaxes to an equilibrium state. These explosive particle production processes are a result of the spinodal instabilities in the broken symmetry phase, or of the parametric amplification of quantum fluctuations in the nonbroken symmetry case (as is the case for chaotic inflation) [26, 27, 28, 29] .
In the study of reheating one of the widely investigated approaches is the phenomenological description introduced in [23] . The basic idea is the introduction of a specific loss term in the Klein-Gordon equation of the scalar field, which is also included as a source term for the energy density of the newly produced elementary particles. If suitably chosen, this loss/gain term is responsible for the reheating process that follows after the adiabatic supercooling during the inflationary era. Hence, in this model, the reheating dynamics is considered within a simple two component fluid model, the first component being the scalar field, while the second component is represented by normal matter (radiation). The transition process between the scalar field and the radiation component is described phenomenologically by a friction term, characterizing the decay of the inflaton field, and representing the source term for the newly created matter fluid. Different aspects of post inflationary reheating processes have been investigated for various gravitational theories in [30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41] . For reviews on the post inflationary reheating era of the evolution of the Universe see [42] and [43] , respectively.
The standard reheating scenario faces its own theoretical problems. One important issue is that the perturbative decay width can describe the decay of a scalar field close to the minimum of its potential only. This is obviously not the case during slow-roll inflation. Moreover, finite temperature effects can additionally enhance the rate at which the scalar field dissipates its energy to create new particles [42, 43] .
On the other hand the scalar field driving inflation could have been coupled nonminimally to other components present in the early Universe, and therefore it could have dissipated its energy during the accelerated expansion, thus warming up the Universe. This version of inflation is called warm inflation, and it was initially proposed in [44, 45] . Hence, in the warm inflationary scenario, dissipative effects and particle creation processes can generate a thermal bath during the accelerated expansion. In of the first warm inflation models [46] it was suggested that the physical parameters in an inflationary model may be randomly distributed. This lead to the so-called distributed-massmodel [47, 48, 49, 50] , which has been developed in the framework of string theory. Warm inflation has become a very active field of study, and it may represent a real alternative to the cold inflation/reheating paradigms. The physical properties and cosmological evolution in the warm inflationary models have been investigated in detail in [51] - [99] .
An interesting extension of the warm inflationary model, the warm vector inflation scenario was proposed in [58] , by using the intermediate inflation model. The constraints that Planck 2015 temperature, polarization and lensing data impose on the parameters of warm inflation were revisited in [90] . Two-field warm inflation models with a double quadratic potential and a linear temperature dependent dissipative coefficient were studied in [97] . The scalar spectral index n s and the tensor-toscalar ratio r were computed for several representative potentials. Warm inflationary scenarios in which the accelerated expansion of the early Universe is driven by chameleon-like scalar fields were investigated in [98] , and the model was constrained by using Planck 2018 data.
If the importance for the early cosmological evolution of the dissipative and nonequilibrium aspects of particle production during reheating has been already pointed out a long time ago [100] , the open and irreversible characteristics of these processes did not receive the attention they deserve. Thermodynamical systems in which matter creation/annihilation takes place belong to the particular class of open thermodynamical systems. In such systems the usual adiabatic conservation laws must be modified to explicitly include irreversible particle production processes, which can be modeled by means of a creation pressure [101] . The thermodynamics of open systems was applied for the first time to cosmology in [101] . The phenomenological classical description of [101] , was subsequently investigated and generalized in [102, 103] , where a covariant formulation was developed. This approach allows for specific entropy variations, as expected for nonequilibrium and irreversible processes. The thermodynamics of open systems and irreversible processes has many implications for cosmology, which have been extensively studied in [104] - [142] .
It is the purpose of the present paper to investigate, by using the thermodynamics of open systems, as introduced in [101] and developed in [102] , the properties of a cosmological fluid mixture, consisting of two basic components: a scalar field, and matter, in the form of radiation, respectively. We will further assume that in this system particle decay and production occur via the energy transfer from the scalar field to radiation. We assume that from a cosmological point of view this physical system describes the warm inflation model. The thermodynamical approach of open systems and irreversible processes as applied to warm inflationary cosmological models leads to a self-consistent theoretical description of the particle production processes, which in turn determine the whole dynamics and future evolution of the cosmic expansion, and structure formation. This novel approach to the study of the physical and dynamical properties of the early Universe may open some new perspectives in the understanding of the basic features of warm inflation, as analyzed, from another perspective, for example in [89, 90, 91, 92, 93] . From a theoretical point of view the present approach gives a systematic and consistent thermodynamic approach to the foundations of the warm inflationary models, and points out their irreversible, open, and nonequilibrium nature. In the present approach, as opposed to the standard scenarios, a new term, the creation pressure, describes the effects of the particle creation on the cosmological dynamics. The creation pressure is determined by both the scalar field and matter (radiation) content of the early Universe, and its presence can strongly enhance the decay of the scalar field, and the radiation creation processes.
By applying the basic principles of the thermodynamics of open systems together with the cosmological Einstein equations for a flat, homogeneous and isotropic Universe we derive first a set of ordinary differential equations describing radiation creation due to the decay of the scalar field. In order to simplify the analysis of the basic equations describing warm inflation with irreversible particle creation we rewrite them in a dimensionless form, by introducing a set of appropriate dimensionless variables.
As a cosmological application of the general formalism we investigate radiation creation from a scalar field by adopting different mathematical forms of the self-interaction potential U of the field. More exactly, we will consider the case of the coherent scalar field, and of the Higgs type potentials, together with the zero-potential case. For each potential the evolution of the warm-inflationary Universe with radiation creation is investigated in detail by solving numerically the set of the warm inflationary cosmological evolution equations. The results display the process of inflationary scalar field decaying to radiation, and the effects of the expansion of the Universe on the decay. We concentrate on the evolution of the radiation component, which increase from zero to a maximum value, as well as on the scalar field decay. A simple model, which can be fully solved analytically, is also presented.
As a general result we find that the scalar field potential also plays an important role in the warm inflationary process, and in the decay of the scalar field. Some of the cosmological parameters of each model are also presented, and analyzed in detail. The models are constrained by the observational parameters called the inflationary parameters, including the scalar spectral index n s , the tensor to scalar ratio r, the number of efolds N, and the reheating temperature T reh . These parameters can be calculated directly from the potentials used in the models, and they can be used together with the observational data to constrain the free parameters in the potentials. The study of the warm inflationary models, and the development of new formalisms and constraints to the theories are undoubtedly an essential part of the completion to the theory. Analysis of the current observational data, including the estimation of the inflationary parameters, is able to test the warm inflationary models.
The present paper is organized as follows. The basic results in the thermodynamics of irreversible processes and open systems are briefly reviewed in Section 2. The full set of equations describing warm inflationary models with irreversible radiation creation due to the decay of a scalar field are obtained in Section 3. A detailed comparison of the standard warm inflationary model and of the irreversible warm inflation is also presented. Several warm inflationary models, corresponding to different choices of the scalar field self-interaction potential are considered in Section 4, by numerically solving the set of cosmological evolution equations. The time dynamics of the cosmological scalar field, and of the matter components are obtained, and analyzed in detail. An exact solution of the system of the irreversible warm inflation equations, corresponding to a simple form of the scalar field potential (coherent wave) is also obtained. We compare the theoretical predictions of our irreversible warm inflationary model, for the coherent wave case, as well as for two classes of Higgs type scalar field potentials, respectively, with the Planck 2018 observational data in Section 5. This comparison allows us to restrict the allowed range of model parameters, and to test the realistic nature of the model. We conclude and discuss our results in Section 6.
Thermodynamics of irreversible cosmological matter creation
In the present Section we will briefly review the basic formalism of the thermodynamic of irreversible processes, taking place in open systems. By open systems we understand thermodynamic systems that can transfer both energy and particles (matter) to their surroundings, via some dissipative processes.
In the warm inflationary model the scalar field decays into radiation, and thus it transfers energy (and matter) to the cosmic environment. A closed thermodynamical system can exchange only energy (generally in the form of heat) but no matter with the environment. Moreover, a closed thermodynamic system has walls that are rigid and immovable, which cannot conduct heat, and reflect perfectly radiation. Therefore the walls of a closed system are impermeable to all forms of matter and all non-gravitational forces [143] . We also assume that the cosmological evolution is irreversible, that is, the scalar field can generate radiation (photons), but photons cannot decay into a scalar field (or bosonic particles). We will later fully use these results in our analysis of the warm inflationary cosmological models.
We begin our presentation with the discussion of some fundamental thermodynamic principles, and of the first two laws of thermodynamics, and the we proceed to the covariant formulation of the laws of the thermodynamic of open systems. As a last step we apply our results to the case of homogeneous and isotropic cosmological models. In the present paper we use the natural system of units with c = = k B = 1, where k B is the Boltzmann constant. We also introduce the Planck mass defined as M P = (8πG) −1/2 For the metric signature we adopt the convention (+, −, −, −).
The laws of thermodynamics for open systems
As a starting point we consider a thermodynamic system in which we select a volume element V, containing N particles. Our approach to the description of the thermodynamic processes in the early Universe is based on the following principles (see, for example, [143] ), a) In thermodynamical systems with matter creation/annihilation all the thermodynamic quantities are also functions of the (varying) particle number densities
In such systems the second law of thermodynamic is given by
where µ i , i = 1, ..., k are the chemical potentials corresponding to the species of particles with particle numbers N i , i = 1, 2, ..., k.
c) The thermodynamic state Φ of a system with varying particle number is completely determined by the set of the (standard) thermodynamic variables (U, p, T, S , N), so that Φ (U, p, T, S , N) = 0. For example, for the energy U of the system we can write U = N f (S /N, V/N, T/N), under the assumption that U is a function of the entropy, of the temperature, and of the particle numbers.
d) The thermodynamic quantities are additive, and therefore they are homogeneous function of the first order with respect to the additive variables.
Generally, the second law of thermodynamics Eq. (1) cannot be reformulated or interpreted as a standard energy conservation law. For example, in the case of constant entropy, we obtain d dt (ρV) + p dV dt = k i=1 µ i dN i dt , which shows that the energy is not conserved in the sense of the standard thermodynamics in the presence of constant particle numbers. However, in the case of systems with particle creation/annihilation, in [101] an effective description of particle creation processes has been proposed, which is based on the reformulation of the second law of thermodynamics (1) in an effective form, as given by d(ρV) + (p + p c ) dV = 0, a result which can be achieved by the introduction of a new pressure term, called the creation pressure p c . Therefore, in systems with varying particle numbers and by taking into account the particle number dependence of the thermodynamical quantities typically particle creation/annihilation processes can be described effectively with the use of the creation pressure p c . In the presence of particle creation one has to also redefine the energy-momentum tensor T µν of the matter, so that it includes the supplementary creation pressure term p c , in addition to the true thermodynamical pressure p term.
In the following we will present the main results of the thermodynamics of open systems in the presence of irreversible particle creation.
The first law of thermodynamics
For a closed thermodynamic system, N is a constant, and we can express the conservation of the internal energy E via the first law of thermodynamics as [101] 
where we have denoted by dQ the heat received by the system in the time interval dt, by p the thermodynamic pressure, while V represents any comoving volume. We also introduce the energy density ρ of the system, given by ρ = E/V, the particle number density n, defined as n = N/V, and the heat per unit particle dq, where dq = dQ/N. Then Eq. (2) can be written as
Eq. (3) is also valid for open thermodynamical systems with N a function of time, N = N(t).
The second law of thermodynamics
To formulate the second law of thermodynamics for irreversible processes in open systems characterized by an entropy S we introduce first the differential entropy flow d e S , and the differential entropy creation d i S ≥ 0. The for the total entropy variation of the system we obtain the expression [101] 
For adiabatic and closed systems we always have d i S ≡ 0. In the following we will investigate only open thermodynamic systems for which we assume that matter is created in a thermal equilibrium state, so that d e S = 0. In such systems the entropy increases only due to the presence of particle production processes. For the total differential of the entropy we find
where the entropy density s is given by s = S /V ≥ 0, and we have defined the chemical potential as
Hence for the entropy production due to irreversible processes in an open system we obtain
The matter creation processes in open systems can also be formulated in a covariant form in the framework of general relativity. To apply the thermodynamics of open systems to investigate warm inflationary cosmological models, in the following we formulate the thermodynamics of open systems in a general relativistic covariant form by following the approach pioneered in [102] . Then, we particularize this general approach to the case of a homogeneous and isotropic Universe, for which we also derive the entropy evolution.
Covariant general relativistic formulation of the thermodynamics of open systems
The basic macroscopic variables that describe the thermodynamic phases of a general relativistic perfect fluid are the energy-momentum tensor T µν , the particle flux vector N µ , and the entropy flux vector s µ , respectively. In the case of open thermodynamical systems one must also take into account the variation of the particle numbers due to irreversible matter creation/decay. Hence for an open system the energy-momentum tensor must be written as
where u µ is the four-velocity of the fluid, normalized according to u µ u µ = 1, and the creation pressure p c takes into account particle creation and other dissipative thermodynamic effects. The energy-momentum tensor T µν is required to satisfy the covariant conservation law
where ∇ ν denotes the covariant derivative with respect to the metric g µν , which defines the line element ds 2 = g µν dx µ dx ν . The particle flux vector is defined as
and it satisfies the balance equation
where the function Ψ (x µ ) is the particle creation rate. If Ψ > 0, we have a particle source, while for Ψ < 0 we have a particle sink. In standard cosmological models usually Ψ is assumed to vanish. We also define the entropy flux s µ , given by [102] ,
where by σ = s/n we have denoted the specific entropy per particle. The second law of thermodynamics requires that ∇ µ s µ ≥ 0. In the presence of matter creation the Gibbs equation for an open thermodynamic system with temperature T is given by [102] nT dσ = dρ − ρ + p n dn.
To derive the energy balance equation in open systems in the presence of particle creation we multiply both sides of Eq. (9) by the four-velocity vector u µ , thus obtaining
where we have introduced the notationsρ = u µ ∇ µ ρ = dρ/ds, u µ u µ = 1, and u µ u ν ∇ ν u µ = 0, respectively. Therefore we have obtained the energy conservation equation for open systems in the formρ
In order to find the entropy variation in open systems we substitute the relation (15) into the Gibbs equation (13) , and we use Eqs. (12) , (10) and (11) to obtain first
Thus we obtain the entropy balance equation as [102] 
whereμ = (ρ + p)/n − T σ is the chemical potential, and Θ = ∇ µ u µ is the expansion of the fluid. In the following we will adopt the physical scenario according to which in a given geometry particles are created so that they are in thermal equilibrium with the previously existing ones. In this case the entropy production is a result of matter creation processes only. As for the creation pressure p c associated to particle creation in the following we will assume the following phenomenological ansatz [101, 102] 
whereα is a function satisfying the conditionα (x µ ) > 0, ∀x µ . This choice gives the entropy balance equations as
where we have definedσ = u µ ∇ µ σ = dσ/ds. Hence with the use of Eq. (17) we obtain for the specific entropy productionσ the relation [102] 
Now we restrict our general thermodynamic formalism by imposing the condition that the specific entropy of the newly created particle is a constant, σ = constant. Then Eq. (20) gives forα (x µ ) the expressionα (x µ ) = (ρ + p) /n. Thus we obtain for the creation pressure induced by the irreversible particle creation in open systems the expression [102] 
Similarly, after taking into account the condition of the constancy of the specific entropy, the Gibbs equation takes the forṁ
Irreversibly thermodynamics of matter creation in homogeneous and isotropic cosmological models
We will apply now the previously developed general thermodynamic formalism to the specific cosmological case of a homogeneous and isotropic space-time. To simplify the description of the cosmological model we adopt a comoving frame in which the components of the four-velocity are given by u µ = (1, 0, 0, 0). Moreover, in order to satisfy the cosmological principle, we suppose that all the thermodynamical and the geometric quantities are functions of the time coordinate t only. Then it follows that the derivative of any function f (t) with respect to the affine parameter s are identical with the time derivative,ḟ (t) = u µ ∇ µ f (t) = d f (t)/dt. On the other hand in the comoving reference frame the expansion of the cosmological fluid is given by ∇ µ u µ =V/V. In the comoving frame Eq. (22) can be written asρ
where we have denoted by h = ρ + p the enthalpy (per unit volume) of the fluid, or, equivalently,
In general relativity the geometry of the space-time is determined by the matter content via the Einstein gravitational field equations
where for the macroscopic energy-momentum tensor T µν , we will adopt in the cosmological case the perfect fluid form as given by Eq. (8) . Phenomenologically, the energy -momentum tensor is described by the energy density ρ and the total pressurē p of the fluids, and in the comoving frame its components are given by
A direct consequence of the Einstein field equations is the conservation of the energy-momentum tensor ∇ ν T ν µ = 0, which is equivalent to the relation
In the presence of matter creation processes the correct analysis must be done by using the irreversible thermodynamics of open systems. Hence in this case one must include in the pressure an additional creation/annihilation pressure term p c , which leads to a reformulation of Eq. (22) in a form similar to Eq. (27), or specifically [101] 
From Eq. (21) it follows that the cosmological creation pressure p c can be obtained in the comoving frame as
Hence matter creation induces a (negative) supplementary pressure p c , which must be additively included in the total cosmological pressurep appearing in the energy-momentum tensor, and consequently in the Einstein field equations,
Note that decaying of matter leads to a positive decay pressure. The variation of the entropy dS in an open thermodynamic system in the presence of irreversible processes can be decomposed into two components: an entropy flow d 0 S , and an entropy creation d i S , respectively, so that
where in order to satisfy the second law of thermodynamics we must have d i S ≥ 0. To calculate dS we consider the total differential of the entropy, given by
where we have defined s = S /V ≥ 0 andμn = h − T s,μ ≥ 0 is the chemical potential. In a homogeneous system d 0 S = 0, and hence only matter creation provides a contribution to the entropy production. From Eqs. (31) and (32) we find [101]
To close the problem of the thermodynamic description of matter creation processes we need one more equation that relates the particle number n and the comoving volume V. This relation should describe the time variation of n as a result of irreversible matter creation (or decay) processes. Thus a relation can be obtained from Eq. (11), which, for a homogeneous and isotropic cosmological model, can be written as
where Ψ(t) is the irreversible matter creation (or decay) rate (Ψ(t) > 0 describes particle creation, while Ψ(t) < 0 describes particle decay) [101, 102] . Hence the creation pressure (21) is essentially determined by the matter creation (or decay) rate. Hence Eqs. (21) and (34) are coupled to each other, and both of them enter into the energy conservation law (28) , which is a consequence of the Einstein field equations themselves. We can also express the entropy production as a function of the irreversible matter creation rate according to
where S (t 0 ) is an arbitrary integration constant.
Warm inflation in a Universe with irreversible scalar field-radiation interaction
In the present Section we will introduce the description of the warm inflationary models by using the physical and mathematical formalism of the thermodynamics of open systems, as described in the previous Section. We begin our analysis by a brief presentation of the standard formulation of the warm inflationary models. Then, we will proceed to the reformulation and extension of the warm inflation theory by taking into account the thermodynamic aspects generated by the irreversible particle production in the cosmological fluid.
In the following we assume that the geometry of the spacetime is described at the cosmological level by the flat Friedmann-Robertson-Walker line element, given by
where a is the dimensionless scale factor. We also introduce the Hubble function H, defined as H =ȧ/a. We will assume that the very early Universe can be modeled as an open thermodynamical system, consisting of a scalar field and of radiation, forming a two-component perfect fluid, with the corresponding particle number densities denoted by n φ , and n rad , respectively. n φ represents the "particles" of the scalar field, while n rad is the radiation particle number density. The corresponding energy densities of the two components are denoted by ρ φ and ρ rad , respectively. The energy-momentum tensor of the two-component cosmological perfect fluid is obtained as
where u µ = dx µ /ds is the four-velocity, and
In the comoving frame the energy density ρ φ and pressure p φ of the scalar field are given by
and
respectively, where U(φ) is the self-interaction potential of the field.
The standard warm inflationary scenario
The warm inflationary model [44, 45] is an interesting theoretical alternative to the cold inflation and reheating theories. Similarly to standard inflationary theories, in warm inflation the Universe also experiences an accelerated very early expansion stage, which is triggered by the presence of scalar field, representing the dominant cosmological component. But, as opposed to the cold inflation scenario, besides a scalar field, a matter component of the cosmological fluid, usually assumed to the radiation, is also present, being generated by the scalar field. During the cosmological evolution these two components interact dynamically. The cosmological evolution is described by the Friedmann equations,
where by M P we have denoted the Planck mass. Due to the decay of the scalar field, which is essentially a dissipative process, energy is transferred from the field to radiation, and this process is described by the following energy balance equations,
where Γ is the dissipation coefficient. By using the explicit expressions of the energy density and pressure of the scalar field, Eq. (45) can be reformulated as the generalized Klein-Gordon equation for the scalar field,
where Q = Γ/3H. By assuming that the cosmological expansion is quasi-de Sitter, that the scalar field energy density is much bigger than the energy density of the radiation, ρ φ >> ρ rad , and that the potential term of the scalar field energy density dominates the kinetic one, so that ρ φ ≈ U(φ), Eqs. (41), (44) , and (45) can be approximated as
where g * is the number of degrees of freedom of the photon fluid. To obtain Eq. (47) we also used the approximationṡ ρ rad << Hρ rad , andρ rad << Γφ 2 , respectively. As an indicator of the inflationary behavior we introduce the deceleration parameter q, defined as
Negative values of q indicate accelerating expansion, while positive values of the deceleration parameter correspond to decelerating cosmological dynamics. With the use of Eqs. (41) and (42) we immediately obtain for the deceleration parameter of the standard warm inflation theory the expression
Similar information as the one contained in the deceleration parameter q can be obtained from the quantity ǫ H ≡ d ln H/dN, where N is the number of e-folds. ǫ H is related to the parameter ǫ, which provides a useful description of the slow-roll approximation in inflationary scenarios.
Warm inflation in the presence of irreversible particle creation
In the presence of particle creation neither the particle numbers nor the energy-momentum of the components of the cosmological fluids are independently conserved. In such a mixture, in which the particle numbers are not conserved, energy and momentum exchange between the two components can take place. The cosmological fluid mixture of scalar field and radiation is described, besides its total energy densityρ = ρ φ + ρ rad , and total thermodynamic pressurep = p φ + p rad , also by a total particle numbern = n φ + n rad .
We suppose that the particle number densities n φ and n rad of each component of the scalar field -radiation mixture fluid obey the following balance laws,
respectively, where m φ is the mass of the scalar field particle, and Γ 1 0 and Γ 2 0 (the dissipation coefficients) are arbitrary functions of the thermodynamic parameters, to be determined from physical considerations. The functional form we have adopted for the particle source terms is based on the thermodynamic principle introduced in Section 2.1, according to which the thermodynamic states as well as the thermodynamic quantities can be functions only of the full set of the basic thermodynamic variables (ρ, T, S , N). In a thermodynamical system the particle numbers are generally functions of the particle energies, temperatures, and chemical potentials, as one can be seen easily from the investigation of the standard particle distribution functions (Fermi-Dirac, Bose-Einstein etc.) [143] . Therefore in a consistent thermodynamic approach the particle creation/annihilation source terms should depend on the same quantities. In our present approach we have considered the simplest possible choice, but of course other more general forms of the source terms than the ones considered are also possible. The coefficients Γ 1 and Γ 2 can be generally taken as functions of the temperature, matter and scalar field energy densities, and the particle numbers, so that Γ i = Γ i T, ρ φ , ρ rad , n φ , n rad , ... .
Eqs. (50) and (51) describe the decay of the scalar field particles, and the creation of photons, with both the scalar field decay rate Ψ φ (t) and the photon creation rate Ψ rad (t) proportional to the energy density of the scalar field, Ψ φ (t) ∝ ρ φ , and Ψ rad (t) ∝ ρ φ . Hence, the time evolution of the decay of the scalar field particles and the creation rates of the photons is controlled in the present approach by the energy density of the scalar field. From Eqs. (50) and (51) it follows that the total particle numbern = n φ + n rad is described by the balance equationṅ
Hence in the case of an interacting mixture of scalar field and radiation and the total particle number conservation, implyinġ n + 3Hn = 0 exists only in some particular cases, when Γ 1 = Γ 2 . If this condition is not satisfied some other channels for particle production from the scalar field may exist. For the sake of generality in the following we shall suppose that Γ 1 Γ 2 .
In the theoretical formalism of the thermodynamics of irreversible processes in system with particle creation and decay a corresponding creation or decay thermodynamic pressure does appear as a natural consequence of the variations of the particle numbers. By taking into account that in the Friedmann-Robertson-Walker geometry the comoving volume is given by V = a 3 , and thatV/V = 3ȧ/a = 3H, Eq. (29) gives the general expression of the creation pressure as
The enthalpies h of the scalar field and of the radiation fluid are given by h (φ) = ρ φ + p φ , and h (rad) = ρ rad + p rad , respectively. Then, with the use of the particle number balance equations (50) and (51), respectively, it follows that in the scalar fieldradiation fluid mixture the creation pressures are given by
respectively, with the total creation pressure expressed as
Using the results obtained above it follows that the complete Friedmann equations, describing the cosmological evolution of a flat Friedmann-Robertson-Walker spacetime filled with a mixture of interacting scalar field and radiation are given by
where ρ rad = ρ rad (n rad ) and p rad = p rad (n rad ). The dynamical evolution of the scalar field and radiation particles n φ and n rad is given by Eqs. (50) and (51), respectively, while the energy density and pressure of the cosmological scalar field are given by Eqs. (39) and (40), respectively. As for the newly created radiation fluid we assume that its thermodynamic properties are described by the relations
where ζ(n) is the Riemann zeta function. As applied to each component of the mixture of the scalar field and radiation fluid, Eq. (23), representing the second law of thermodynamics in the presence of irreversible processes, gives the relationshipṡ
respectively. Eq. (61) can be equivalently reformulated as giving the evolution of the temperature of the radiation fluid aṡ
Eq. (60), describing the dynamical evolution of the scalar field during the generation of photons, can be rewritten as
where we have denoted by Γ T, φ,φ, U = Γ 1 ρ φ /m φ n φ the dissipation function, and the prime denotes the derivative with respect to the scalar field. Therefore in the framework of the thermodynamical description of open systems, in the presence of irreversible processes in the scalar field evolution equation Eq. (63) a friction term naturally appears in a general form, and it is a direct outcome of the second law of thermodynamics as it is formulated for fluid mixtures with interacting components. Adding Eqs. (60) and (61), the evolution of the total energy densityρ = ρ φ + ρ rad of the cosmological fluid consisting of a mixture of scalar field and radiation is governed by the balance equationρ
For the entropy of the newly created photons we obtain the expression
where S rad (t 0 ) is an arbitrary integration constant. In the present approach irreversible photon creation from the scalar field is an adiabatic process. The entropy produced during radiation generation from the scalar field is entirely due to the increase in the number of photons in the cosmological fluid, and we do not take into account any increase in the entropy per particle due to the presence of other dissipative processes, like, for example, photon fluid viscosity.
With the use of the Friedmann equations (57) the deceleration parameter can be obtained as
Standard warm inflation versus irreversible warm inflation
The inclusion of the mathematical and physical formalism of the thermodynamics of irreversible processes, as developed in [101] , [102] , and [103] , respectively, leads to significant modifications in the equations describing the dynamical evolution of the warm inflationary cosmological theories, and consequently, in their physical and cosmological implications. From a physical point of view the basic physical variables in our formalism become the particle numbers associated to the scalar field and radiation, n φ , n rad . For the particle numbers we impose the evolution equations (50) and (51), respectively, which assume that the decay and creation of the particle is proportional to the energy density of the scalar field. In standard warm inflation similar balance equations are imposed at the levels of energy densities, as in Eqs. (43) and (44) . But in the present approach the source terms in the balance equations are different from those of standard warm inflation. While in Eqs. (43) and (44) the creation and decay is determined by the kinetic part of the scalar field energy density only, in the present approach the decay and creation rates are assumed to depend on the full energy density of the scalar field. As we have already pointed out, if the creation and decay rates of the particle numbers are equal, which implies Γ 1 = Γ 2 , the total number of particles is conserved, satisfying the usual conservation lawṅ + 3Hn = 0. In the cosmological applications of the irreversible warm inflation theory we will generally assume that the condition of the conservation of the total particle numbers holds.
Once the particle number balance equations are known, the dynamical evolution of the energy densities are given, in the framework of the thermodynamics of irreversible processes, by Eq. (23). The time evolutions of the energy densities are determined by the enthalpies of the cosmological fluid components, and by the variations of the particle numbers. Hence from the basic equation of the thermodynamics of the irreversible processes we obtain the energy densities balance equations, Eqs. (60) and (61), which fix the scalar field and radiation fluid decay/creation rates, without any supplementary physical assumptions. They follow directly from the particle number balance equations, and they have a very different form from the ones used in standard warm inflation models. Due to their explicit dependence on the particle numbers, the decay rate of the scalar field is different from the creation rate of the radiation. For the scalar field we have the decay rate of the energy density as given by
while the creation rate of the radiation energy is given by
(68) In their general form these expressions are obviously different from the simple creation/decay rates of standard warm inflation, given by ±Γφ 2 . In the present approach the source terms are constructed from the variables admitted by the general laws of thermodynamic. However, our present choice of the source terms is arbitrary, and it is mainly motivated by the requirement of obtaining relatively simple and solvable theoretical models. On the other hand, the standard form ±Γφ 2 of the source terms in the standard warm inflationary scenario is actually simpler than the present choice suggested by the thermodynamics of the irreversible processes, it is also physically well motivated, and can give a very good theoretical description of the observational data. But the present approach may represent a first step in building more realistic warm inflationary models.
However, the standard warm inflationary scenario can be recovered under the assumption that the enthalpies per particles of the scalar field and of the radiation fluid are constants, and the kinetic energy of the scalar field is much larger than the potential one,
where C 1 and C 2 are constants. Then, after a rescaling of the factors Γ, we immediately obtain for the energy decay and creation rates the expressions R φ = −Γφ 2 and R rad = Γφ 2 . Under these conditions Eqs. (60) and (61) reduce to the form of the energy balance equations in the standard warm inflationary scenario, Eqs. (43) and (44), respectively. The condition of the constancy of the enthalpy can be interpreted thermodynamically as follows. By reintroducing the total particle numbers N φ and N rad , and the total energies E φ = ρ φ V, E rad = ρ rad V, the first two of the conditions (69) can be refor-
Then, under the assumption that the pressures are roughly constant during the cosmological evolution, from the second law of thermodynamics we obtain [143] T
giving
From a thermodynamic point of view this means that in the standard warm inflationary scenario, characterized by a constant enthalpy per particle, the total heat generated in the system is linearly proportional to the total particle number N tot . On the other hand in the irreversible warm inflationary model the entropy increase is given by a more general expression as given by Eq. (65) . As for the creation pressures of the standard warm inflationary model they are given by p
It is interesting to note that in the general case the creation rate of the radiation fluid is proportional not only to the scalar field energy density, but also with the temperature T of the radiation fluid, indicating that at high temperatures even a relatively low scalar field energy density can still lead to a significant creation of photons.
If the potential term of the scalar field dominates the kinetic one,φ 2 /2 << U(φ), the decay and the creation rates of the scalar field and radiation become
respectively, where we have assumed Γ 1 = Γ 2 = Γ. If the condition ΓU(φ)/m φ n φ ≈ constant holds, we recover the decay rate of the energy density of the scalar field in the standard warm inflationary scenario, R φ ∝ −φ 2 . This condition can be realized, for example, by potentials for which ρ φ ≈ U(φ) ≈ m φ n φ (coherent scalar fields) [144] . Under the same condition the creation rate of the radiation becomes R rad ∝ T n φ . At the beginning of the inflation the radiation temperature is negligible small, and hence the rate of radiation creation is negligibly small. Similarly, the initial kinetic energy density of the scalar field can be considered very small. Hence we can assume that in the scalar field potential dominated phase the decay rate of the scalar field, as well as the radiation creation rates are negligibly small, and no significant amount of radiation is created. On the other hand a very large mass of the scalar field m φ can also reduce the creation rates during the slow-roll phase of the inflationary era.
In the opposite limit of the dominance of the kinetic energy term of the scalar field the decay and creation rates become
respectively. If n φ ∝φ 2 , and T/m φ ≈ constant, we recover the evolution laws of the standard warm inflationary scenario. In our above qualitative estimations we have assumed that Γ is a constant. A possible dependence of Γ on the temperature or on the scalar field energy density could lead to a significant change in the functional form of the decay and creation rates of ρ φ and ρ rad , respectively. The total energy in the systems with matter decay/creation is generally conserved only in the effective sense, which involves the introduction of the creation pressure, so that d(ρV) + (p + p c ) dV = 0 [101] . Consequently, in the present model the energy conservation law does not hold in the standard sense, as one can see from Eq. (64). However, conservative (in the usual interpretation) cosmological scenarios can be constructed if the parameters of the model satisfies the relation
If Γ 1 = Γ 2 , the total energy of the cosmological fluid is conserved asρ
With the use of condition (75) the energy and the pressure of the scalar field can be expressed as
Hence we can formulate the following "conservative" version of the irreversible warm inflationary model, with standard energy conservation,
Eqs. (78)-(80) represent a closed system of three differential equations for the unknowns n φ , T, H . However, in the present paper we will focus our investigations on the full formulation of irreversible warm inflation, and therefore we will not consider its "conservative" version.
In the presence of irreversible matter decay/creation processes, the generalized Klein-Gordon equation (63) describing the evolution of the scalar field is given bÿ
which gives for the definition of the parameter Q the expression
It is interesting to note that the expression of the creation pressure associated to the scalar field can be written as
The expression of Q thus obtained is very different from the one used in the standard warm inflationary scenario, Q = Γ/3H, especially under the assumption that Γ is a constant. The evolution of the scalar field is also much more complex than in the standard warm inflation scenario, leading to the possibilities of the construction of more realistic cosmological evolution models. The evolution of the field is coupled with the evolution of the particle numbers of the scalar field (the two equations must be solved together), and explicitly they take the form
This evolution of the scalar field is significantly different from the one given by the simple Klein-Gordon equation (45) of standard warm inflation. Hence, the inclusion in the formalism of warm inflation of the thermodynamics of open systems considerably enlarges and diversifies the possibilities of cosmological evolution.
In the presence of irreversible particle decay/creation, described by the formalism of irreversible thermodynamics, important differences do appear in the cosmological evolution. From Eqs. (57) and (58) we obtain for the time variation of the Hubble function the equation
The evolution equation for H contains a number of new terms that does not appear in the standard warm inflation evolution equation of the Hubble function. In particular, there is a supplementary dependence on the energy density of the scalar field, and on the temperature. Moreover, there is an explicit dependence on the scalar field decay factor Γ 1 , which indicates a clear dependence of the cosmological expansion on the decay mechanism of the scalar field. A similar pattern does appear in the behavior of the deceleration parameter, which, in the case of the irreversible thermodynamic formulation or warm inflation, takes the form given by Eq. (66) . The nature of the accelerated expansion also depends on the decay rate of the scalar field, and on the temperature of the radiation fluid. As compared to the standard case the deceleration parameter has a new term proportional to the energy density of the scalar field. In the conservative case, in which the model parameters satisfy Eq. (75), the deceleration parameter reduces to the form given by the standard warm inflationary model.
Finally, under the approximationṪ /T << H, the temperature of the photon fluid is obtained as
The prediction of the temperature of the radiation fluid in irreversible warm inflation is different as compared to standard
, and involves again a full dependence on the energy density of the scalar field. This kind of dependence is a general feature of the present model, in which all physical and geometrical quantities involve a dependence on ρ φ , and, therefore, on both the kinetic and potential terms of the scalar field. Another particular feature of the irreversible warm inflation is the dependence of all cosmological results on the mass m φ of the initial scalar field, a dependence that does not appear in standard warm inflation. The explicit dependence on the microscopic parameters of the scalar field (mass m φ and number density n φ ) increases the number of degrees of freedom of the irreversible warm inflation model, thus leading to the possibility of constructing more realistic descriptions of the cosmological evolution of the very early Universe. In the thermodynamic limit of the constant enthalpy per particle, from Eq. (61) we reobtain the law of evolution of the temperature of the standard warm inflationary model. If the potential energy of the scalar field is much bigger than the kinetic one, the temperature of the Universe varies according to
is approximately constant, and for a large enough mass of the scalar field particle, the temperature of the cosmic fluid is practically a constant, with the particle creation processes contributing very little to the overall warming of the Universe.
Warm inflationary models with irreversible radiation generation
In the present Section we will investigate, in the framework of the irreversible thermodynamics of open systems with matter creation/annihilation, a number of specific warm inflationary cosmological models in which radiation is generated by the decay of the scalar field, due to the scalar field-photon interaction.
As a first example we analyze the case for which the density of the radiation fluid is much smaller than the energy density of the scalar field. This case corresponds to an Universe dominated by the scalar field component of the cosmological fluid. Moreover, we assume that the scalar field is represented by a coherent wave of φ-particles, in which the kinetic energy term dominates in the total energy of the scalar field. As a second case we consider warm inflation driven by a potential energy dominated decaying scalar field, and we study the evolution of the radiation fluid. The general dynamics of a warm inflationary cosmological model with decaying scalar field and radiation creation is also considered, with the cosmological evolution equations studied numerically.
The role of the dissipative processes in warm inflation has been already been pointed out in several studies, without the use of the thermodynamics of open systems. The observed baryon asymmetry, and a possibly asymmetry in the dark matter sector, can be produced through dissipative particle production during inflation [60] . In [65] it was shown that inflation can naturally occur at a finite temperature T > H if sustained by dissipative effects, with the inflaton field corresponding to a pseudo Nambu-Goldstone boson of a broken gauge symmetry. The inflationary expansion driven by a standard scalar field whose decay ratio Γ has a generic power law dependence with the scalar field φ and the temperature of the thermal bath T was considered in [72] . By assuming an exponential power law dependence in the cosmic time for the scale factor a(t), corresponding to the intermediate inflation model, the background and perturbative dynamics was solved in both weak dissipative and strong dissipative regimes. Non-equilibrium solutions of the Boltzmann equation in warm inflation were considered in [88] , and it was shown that, even if thermal equilibrium cannot be maintained, the nearly constant Hubble rate and temperature lead to an adiabatic evolution of the number density of particles interacting with the thermal bath. A dissipative mechanism necessary consisting of the interactions between the inflaton and a tower of chiral multiplets with a mass gap was considered in [92] .
Warm inflationary models with ρ rad ≪ ρ φ
We begin our investigation of warm inflationary cosmological models by considering the limiting case in which the energy density and the particle number of the newly generated radiation fluid is much smaller than the particle number density and the energy density of the inflationary scalar field component, that is, the approximations n rad ≪ n φ , ρ rad ≪ ρ φ , and p rad ≪ p φ are valid. In this case the inflationary early Universe is dominated by the scalar field energy density, and its pressure, and its dynamical expansion is not influenced by the matter content. However, we assume that during this phase generation of a radiation fluid takes place, and the scalar field decays correspondingly. We shall also assume that both scalar field and radiation fluid quantities are finite at the initial moment t = t 0 . The interaction between the scalar field and the radiation fluid is introduced through the balance equations of the two fluids, and the creation/decay of the particles is determined by the scalar field energy density. Hence, in this approximation, the basic equations describing the warm inflationary dynamics of a flat Friedmann-Robertson-Walker Universe filled with a decaying scalar field component and radiation creation are given by
respectively.
Coherent scalar field-radiation interaction
We assume now that the inflationary field is a homogeneous scalar field, oscillating with a frequency m φ . Such a field can be interpreted as a coherent wave of scalar "particles" having zero momenta, and with the corresponding particle number density given by [119] 
From a physical point of view we can consider that n φ oscillators having the same frequency m φ , all oscillating coherently with the same phase, can be described as a single homogeneous scalar wave φ(t). By using the energy density of the scalar field as given by Eq. (93) in Eq. (90) we obtain the condition
or, equivalently,
Hence, a homogeneous oscillating scalar field is described by a Barrow-Saich type potential, for which the potential selfinteraction energy of the scalar field is proportional to its kinetic energy [144] . Then the energy density of the scalar field can be written as ρ φ =φ 2 . This equation, obtained naturally in the framework of the thermodynamics of irreversible processes in open systems, is very similar to the relation ρ φ = φ 2 , which can be found by substitutingφ 2 by its average value per cycle [145] .
In this case the equations describing the dynamics of the FRW type spacetime filled by the decaying oscillating homogeneous scalar field in the presence of dark matter creation become
respectively. For simplicity, in the following we will assume, that Γ 1 and Γ 2 are constants. To simplify the mathematical formalism we introduce a set of dimensionless variables τ,h and θ rad , Φ by means of the transformations
Then Eqs. (96), (97) and (98) take the simple form
Eqs. (101) and (102) must be integrated with the initial conditionsh (τ 0 ) =h 0 and θ rad (τ 0 ) = θ (0) rad , and they have the following general solutions,
and θ rad (τ) =
respectively. The evolution of the scale factor is given by
where a 0 is an arbitrary constant of integration, while the time variation of the energy density of the scalar field can be obtained as
For the deceleration parameter q = d(1/H)/dt − 1 we find
At the beginning of the oscillatory period corresponding to the radiation fluid production, corresponding to time intervals satisfying the condition (t − t 0 ) ≪ Γ −1 1 , the approximate solution of the generalized Friedmann equations is given by
This phase corresponds to a power law (non-inflationary) expansion of the Universe, with decaying scalar field, and radiation creation.
During the initial oscillating period of the scalar field with Barrow-Saich type potential, there is a rapid increase of the radiation content of the Universe. The photon number reaches a maximum value at the moment
with the maximum created dimensionless photon number given by
The maximum temperature T max reached by the radiation fluid (assumed to be in thermodynamical equilibrium with the scalar field) can be obtained as
The entropy produced during warm inflation through photon creation can be easily obtained from Eq. (65) and it is given by
In the first approximation we obtain
Therefore, in the small time limit, there is a linear time increase of the entropy of the radiation created by the decay of the wave scalar field. It is interesting to compare the predictions of the irreversible warm inflationary model in the presence of the Barrow-Saich potential with the standard warm inflationary model. In the presence of the Barrow-Saich potential, by assuming that ρ rad << ρ φ , the evolution equations of the standard warm inflationary model take the form
For H, φ and the scale factor a we immediately obtain
where we have used the initial condition H (t 0 ) = H 0 , while φ 0 and a 0 are arbitrary constants of integration. For the radiation energy density we find
where C is an arbitrary integration constant. For the deceleration parameter of the model we obtain q = 1/2. Obviously this warm inflationary model cannot describe an inflationary Universe, since it is decelerating for all times, with the energy density of the radiation decreasing in time. However, the inclusion of the thermodynamical description of irreversible matter creation/decay processes leads, at least in this case, to the possibility of obtaining a realistic cosmological model that could describe the very early stages of the evolution of the Universe.
Coherent scalar field driven warm inflation with temperature dependent dissipative coefficient
In our previous discussion of the warm inflationary scenario in which the evolution of the Universe is driven by the interaction between a coherent scalar field and radiation we have assumed that the dissipation coefficient Γ is a constant. Even that such an approximation may be valid for some periods of the cosmological dynamics, generally the dissipation coefficient Γ may be a function of the thermodynamic parameters describing the state of the system. In the following, for simplicity we assume that Γ 1 = Γ 2 , that is, the dissipation coefficient is a function of the temperature only. In order to build specific models, we further assume a power-law form for Γ, so that Γ 1 (T ) = Γ 0 T α , where Γ 0 and α are constants. Then the basic cosmological evolution equations describing the dynamical evolution of a Universe filled with a coherent scalar field dissipating into radiation in the presence of the Barrow-Saich potential are given by
By taking into account the explicit dependence of the radiation fluid particle number on the temperature, Eq. (125) gives the following differential equation for the temperature evolution,Ṫ
Generally, the system of equations (124) and (126) can be solved only numerically. However, an approximate analytical solution can be obtained if we assume the conditionṪ /T << H, which allows to obtain the temperature from Eq. (126) in terms of the Hubble function as
Then Eq. (124) takes the form
where we have denoted β = 16πζ (3) , and ξ = 3/(3 − α), respectively. In the cosmological regime with 2Ḣ >> 3H 2 , Eq. (128) has the general solution given by
where H 0 is an arbitrary constant of integration. In order to have an expanding Universe, the Hubble function must be a monotonically decreasing function of time, a condition which imposes the constraint α < 3. For the scale factor of the Universe we obtain the expression
with a 0 a constant of integration. The scalar field varies as
where φ 0 is an arbitrary integration constant, while for the temperature evolution we find
For α < 3 and for time intervals so that βt > 2H 0 , the temperature is a monotonically decreasing function of time. Despite qualitative in nature, the above considerations indicate that the functional dependence of the dissipation parameter on the thermodynamic quantities characterizing the interacting scalar field-radiation fluid system (temperature, energy density or particle number) may play a fundamental role in the description of the dynamical evolution of the early Universe. The explicit form of Γ must be obtained from a fundamental quantum theory that gives a firm theoretical basis to the physical processes that take place during the decay of the scalar field into radiation, or other elementary particles.
Constant potential scalar field and radiation creation
As a second example in the study of the warm inflationary models in the framework of the thermodynamics of the irreversible processes involving an interaction between the scalar field and radiation we consider the approximation in which the scalar field potential can be approximated, for a certain time interval, as a positive constant, so that U(φ) = Λ = constant > 0. Hence, in this case the energy density and the pressure of the scalar field can be written as
Radiation creation in the absence of background cosmological expansion
We introduce now a second approximation in the description of the warm inflationary models by assuming that the variation in the scalar field energy density, due to the cosmological expansion, can be neglected in the scalar field evolution equations. From a mathematical point of view this approximation implies that in Eqs. (60) and (61), giving the energy density and the particle number of the scalar field, the terms containing 3H can be neglected. Hence the main contribution to the time evolution of the scalar field is provided by its decay into photons, and not by the background cosmological expansion. However, we assume that the feedback of the newly created radiation gas on the cosmological evolution cannot be neglected. Within the framework of these approximations, from Eq. (50), describing the scalar field particles decay, we first find
This relation gives the energy density of the scalar field as a function of the particle numbers. By substituting ρ φ from the above equation into Eq. (60) we obtain
By taking into account that the square of the time derivative of the scalar fieldφ 2 is given bẏ
the equation describing the dynamics of the scalar field particles can be obtained as
By denotingṅ φ = u,n φ = udu/dn φ , Eq. (137) takes the form,
where N 1 is an arbitrary integration constant. By using the initial conditionsṅ φ (t 0 ) = − Γ 1 /m φ ρ φ (t 0 ) = − Γ 1 /m φ ρ φ0 and n φ (t 0 ) = n φ0 we obtain
Therefore the general solution of Eq. (137), describing the variation of the scalar particle number, is given by
The evolution equation for the temperature of the radiation follows from Eq. (62, and can be written aṡ
By neglecting the effects of the expansion of the Universe we obtain for T the equation
with the general solution given by
where C 0 is an arbitrary constant of integration, which must be determined from the initial condition T (t 0 ) = T 0 . Thus we obtain
.
In the limit of large times we obtain
However, this result was obtained by neglecting the expansion of the Universe.
Warm inflationary cosmological models with irreversible radiation fluid creation
In the general case of warm inflationary models with constant scalar field potential, by taking into account the expansion of the Universe, the system of equations describing the irreversible photon fluid creation from the scalar field are given by
For simplicity, in the following we will assume Γ 1 = Γ 2 = constant.
We introduce now a set of dimensionless variables r φ , N φ , r rad , τ , defined as
Then the system of field equations Eqs. (147)-(151) can be written in a dimensionless form as
respectively, where we have denoted
and γ = 32 3
respectively. The density parameters Ω φ and Ω DM of the scalar field and of the radiation are given by
respectively, and they satisfy the relation Ω φ + Ω rad = 1. The dynamics of the interacting scalar field-radiation system is determined by two control parameters, λ, and γ, depending on the mass m φ of the scalar field particle.
For the initial conditions used for the numerical integration of the cosmological evolution equations we have chosen the numerical values a(0) = 10 −3 , N φ (0) = 10 5 , r φ (0) = 10 5.3 , r rad (0) = 10 −6 , and θ(0) = 10 −3/2 , respectively. Figure 2 : Time variation of the scalar field particle number N φ in the warm inflationary scenario with an interacting scalar field -radiation fluid filled Universe for a constant potential scalar field, and for different values of the parameter λ: λ = 0.0016 (solid curve), λ = 0.0018 (dotted curve), λ = 0.0020 (dashed curve), λ = 0.0022 (long dashed curve), and λ = 0.0024 (ultra long dashed curve), respectively. The numerical value of the parameter γ was fixed to γ = 0.16.
The time variations of the scale factor a, of the scalar field particle number N φ , of the scalar field energy r φ , of the radiation energy density r rad , of the temperature θ, and of the deceleration parameter q are represented, for the above initial conditions, for different values of the parameter λ, and for γ = 0.16, in Figs. 1-6.
As one can see from Fig. 1 , the warm inflationary Universe filled with a mixture of interacting scalar field and radiation is an expansionary state, with the rate of the expansion, and the scale factor evolution, strongly dependent on the numerical values of the dimensionless parameter λ, which is a function of the ratio of the (constant) scalar field potential Λ, and of the scalar field decay rate Γ 1 . Accelerated expansion can also be obtained in the framework of the present model, the creation pressure, corresponding to the irreversible decay of the scalar field, and the matter creation, can drive the Universe into a de Sitter type Figure 6 : Time variation of the deceleration parameter q in the warm inflationary scenario with an interacting scalar field -radiation fluid filled Universe for a constant potential scalar field, and for different values of the parameter λ: λ = 0.0016 (solid curve), λ = 0.0018 (dotted curve), λ = 0.0020 (dashed curve), λ = 0.0022 (long dashed curve), and λ = 0.0024 (ultra long dashed curve), respectively. The numerical value of the parameter γ was fixed to γ = 0.16.
phase. As shown in Fig. 2 , the particle number of the scalar field decreases during the cosmological evolution, due to the creation of the photons. The decay rate strongly depends on the numerical value of the parameter λ. The dimensionless energy density of the scalar field r φ , shown in Fig. 3 , tends in the large time limit to the value 1, corresponding to ρ φ = Λ, and to a de Sitter type expansion. This shows that the decay of the scalar field is determined and controlled by the kinetic energy term of the fieldφ 2 /2, which is the source of the radiation creation. When the energy and the pressure of the scalar field are dominated by the scalar field potential Λ, ρ φ = −p φ = Λ, then ρ φ + p φ = 0, and from Eq. (60) it follows that ρ φ = constant, and the scalar field energy cannot be converted any more into other type of particles. The energy density of the radiation fluid, consisting of photons, and presented in Fig. 4 , increases in time due to the decay of the scalar field particles. After a finite time interval τ max , the radiation energy density reaches a maximum value, and for time intervals τ > τ max , it decreases monotonically, indicating a significant decrease in the number of the produced photons. The temperature of the radiation fluid, depicted in Fig. 5 , shows a similar evolutionary pattern, with the temperature of the Universe reaching its maximum value θ max at τ max . The evolution of the deceleration parameter, represented in Fig. 6 , indicates the existence of a complex dynamics of the interacting scalar field-radiation system. The evolution of the Universe begins at τ = 0 from a decelerating phase, with q > 0 having values of around q ≈ 2. This initial value is relatively independent on the adopted initial conditions, and the numerical values of the model parameters. Due to the irreversible radiation creation the expansion of the Universe accelerates, and very quickly the deceleration parameter becomes negative, reaching, for some parameter values, the de Sitter phase. The Universe remains in the accelerating state with q < 0 a finite time interval, reaching the value q = 0 in a parameterdependent way, at a time interval τ e . The change of sign of q indicates the transition from the accelerating to the decelerating phase (end of inflation), and, for enough large time intervals q reaches the value q ≈ 0.5, a numerical value approximately independent on the numerical values of the model parameters.
Warm inflationary models with Higgs type potential and irreversible radiation creation
As a second warm inflationary model radiation creation we will consider the case when the self-interaction potential U(φ) of the scalar field is of the Higgs type,
where µ 2 and ξ are constants. If, similarly to the standard approach in elementary particle physics, we assume that the constant µ 2 < 0 is related to the mass of the scalar particle by the relation m 2 φ = 2ξv 2 = −2µ 2 , then v 2 = −µ 2 /ξ gives the minimum value of the potential. In the case of strong interactions the Higgs self-coupling constant ξ can be obtained from the determination of the mass of the Higgs boson from accelerator experiments, and it has the numerical value of the order of ξ ≈ 1/8 [146] . In the presence of the Higgs potential, the cosmological evolution equations of the warm inflationary scenario with irreversible radiation creation take the following form,
We reparameterize now the scalar field φ according to
and we introduce a set of dimensionless variable τ, r rad , N φ , θ defined as
Moreover, we denote
(170)
Then the system of Eqs. (163)-(167) can be reformulated as a first order dynamical system given by 
The system of equations (171)-(176) must be integrated with the initial conditions φ(0) = φ 0 , u(0) = u 0 , N φ (0) = N φ0 , r rad (0) = r rad0 , and θ(0) = θ 0 . In the present study we adopt as the initial conditions used for the numerical integration of the cosmological evolution equations in the presence of a Higgs type potential the numerical values a(0) = 10 −3 , N φ (0) = 10 5 , φ(0) = 5 for the case µ 2 < 0, φ(0) = 1.4 for the case µ 2 > 0, u(0) = −1.25, r rad (0) = 10 −6 , and θ(0) = 10 −3/2 , respectively.
In the warm inflationary cosmological model, in which the self-interaction potential of the scalar field is of Higgs type, the evolution of the Universe is determined by three parameters ǫ 2 , σ, and γ, respectively, which are the dimensionless combinations of the parameters of the potential, the field decay rate, and the mass of the Higgs boson, respectively. In the following we will investigate the cosmological evolution for both signs of µ 2 in the Higgs potential.
First we consider the warm inflationary evolution for a negative µ 2 , that is, we adopt for the Higgs potential the expression U(φ) = −µ 2 φ 2 /2 + ξφ 4 /4, with µ 2 > 0. The time variations of the scale factor, scalar field particle number, scalar field energy density, radiation energy density, and of the temperature of the radiation fluid are represented for this form of the Higgs potential in Figs. 7-12.
As one can see from Fig. 7 , the scalar field-radiation interacting Universe in the presence of a Higgs potential is in an expansionary state, with the scale factor a monotonically increasing function of time. In the initial stages of expansion, the cosmological dynamics is basically independent on the numer- ical values of γ, but at later stages the cosmological behavior is strongly influenced by the variation of this parameter. The dimensionless scalar field particle number, whose time variation is presented in Fig. 8 , shows a rapid monotonic decrease in time, with its dynamic basically independent on the parameter γ. In the large time limit the scalar field particle number vanishes. The dimensionless scalar field energy density, shown in Fig. 9 , also rapidly decreases in time, with its decay dynamics basically independent on γ. The radiation fluid energy density, created during the warm inflation period, is depicted in Fig. 10 . The radiation energy density initially increases due to the energy transfer from the scalar field to photons, and it reaches a maximum value r (max) rad after a finite interval τ max . For time intervals τ > τ the expansion rate of the Universe becomes larger than the particle creation rate, and the expansionary evolution determines the decrease of the radiation fluid energy density. The generation of the radiation fluid from the scalar field is strongly dependent on the numerical values of the parameter γ. Finally, the temperature of the radiation fluid, presented in Fig. 11 , shows a similar behavior as the energy density of the radiation fluid. The temperature of the Universe increases rapidly during the early stages of the cosmological evolution, and reaches a maximum value at some finite time τ max . Then the expansion of the Universe takes over the particle production processes, and, due to the cosmological expansion, the temperature of the radiation fluid began to decrease.
The variation of the deceleration parameter q, represented in Fig. 12 , shows that the Universe field with the Higgs potential scalar field interacting with a radiation fluid begins its expansion from a de Sitter type phase, with q ≈ −1. The expansion is decelerating, with the numerical values of the deceleration parameter increasing in time. After a finite time interval τ e , the Universe reaches the marginally accelerating state with q = 0, and for larger time intervals it enters into a decelerating phase, with q > 0. The final stages of the decelerating cosmological evolution are strongly dependent on the model parameters, or, in the case of our present numerical analysis, on the values of γ, describing the coupling between the temperature and the energy density of the scalar field. Presumably a fundamental (quantum field based) physical theory would be able to estimate the numerical values of the model parameters, thus allowing a precise comparison of the cosmological observations and the theoretical predictions.
U(φ)
= µ 2 2 φ 2 + ξ 4 φ 4 Next, we consider the warm inflationary evolution for a positive µ 2 , that is, we adopt for the Higgs potential the expression U(φ) = µ 2 φ 2 /2 + ξφ 4 /4, with µ 2 > 0. The time variations of the scale factor, scalar field particle number, scalar field energy density, radiation energy density, and of the temperature of the radiation fluid are represented for this second form of the Higgs potential in Figs. 13-18 .
From a qualitative point of view the cosmological dynamics for µ 2 > 0 is very similar to the case with µ 2 < 0. However, at least for the adopted range of numerical values of the model parameters, important qualitative differences do appear, with the cosmological evolution taking place at a lower pace. The scale factor, presented in Fig. 13 , is a monotonically increasing function of time, whose early evolution os basically independent on the model parameters. However, the late time behavior shows a significant dependence on γ. The scalar field particle number, depicted in Fig. 14, decreases during the cosmic expansion in an almost γ -independent way. The variation of the scalar field energy density, depicted in Fig. 15 , a decreasing function of time, shows a very small dependence on γ. However, the parameter γ has a significant effect on the evolution of the radiation energy density, shown in Fig. 16 . Due to the decay of the scalar field, the radiation energy density increases in the early periods of the cosmological expansion, and reaches a maximum value at a finite time interval τ max , which is very different as compared to the µ 2 < 0 case. For time intervals τ > τ max , the radiation production significantly decreases, and the evolution of the matter content is governed by the expansion of the Universe. The evolution of the temperature, represented in Fig. 17 has a similar evolution to that of the photon gas. The deceleration parameter, represented in Fig. 18 , shows that in its initial stage the Universe was in an accelerating state, with the deceleration parameter having values of the order of q ≈ −0.7. The expansion did accelerate towards a de Sitter phase, reached in a very short time interval, and followed with a slow decelerating evolution. At the finite moment τ = τ max , the deceleration parameter becomes zero, indicating the end of inflation. This moment also corresponds to the radiation density reaching its maximum value. For τ > τ max , the deceleration parameter has positive values, indicating a decelerating dynamics of the Universe.
Constraints from Planck-2018 results
We will now compare the results of the warm inflationary model with irreversible matter creation, developed in the framework of the thermodynamics of open systems in the previous Sections, with the observational data obtained with the Planck satellite. The Planck observational data have been extensively used to test the theoretical predictions of the warm inflationary models.
The reconstruction of a warm inflationary Universe model from the scalar spectral index n S (N) and the tensor to scalar ratio r(N) as a function of the number of e-folds N was studied [87] . The effective potential and the dissipative coefficient were found in terms of the cosmological parameters n S and r considering the weak and strong dissipative regimes under the slow roll approximation. The warm inflation observational predictions were confronted with the latest CMB data in [89] , by considering a linear temperature dependent dissipative coefficient, and the simplest model of inflation, a quartic chaotic potential. Although excluded in the standard cold inflation version, dissipation reduces the tensor-to-scalar ratio and brings the quartic chaotic model within the observable allowed range. The constraints that Planck 2015 temperature, polarization and lensing data impose on the parameters of warm inflation were revisited in [90] , by studying warm inflation driven by a single scalar field with a quartic self interaction potential in the weak dissipative regime. The effects of the parameters of warm inflation, namely, the inflaton self coupling λ and the inflaton dissipation parameter Q P on the CMB angular power spectrum were investigated. Moreover, λ and Q P were constrained for 50 and 60 number of e-foldings with the full Planck 2015 data by performing a Markov-Chain Monte Carlo analysis. Two-field warm inflation models with a double quadratic potential and a linear temperature dependent dissipative coefficient were studied in [97] . The scalar spectral index n s and the tensor-to-scalar ratio r was computed for several representative potentials, and the results were compared with the observational data. Warm inflationary scenarios in which the accelerated expansion of the early Universe is driven by chameleon-like scalar fields were investigated in [98] , and the model was constrained by using Planck 2018 data.
Coherent scalar field dominated warm inflation
As a first example of the comparison of our theoretical predictions with the cosmological observations, i.e. Planck-2018 results, we are going to estimate the free parameters of the warm inflationary scenario for the model introduced in Section 4.1.1, corresponding to the case of the coherent scalar field driven cosmological evolution. Even with the inclusion of the extra degrees of freedom, which the irreversible thermodynamic approach brings into the model, we still can obtain for this model the exact representations for the most important cosmological parameters, which would allow us to test the cosmological predictions of the theory. For instance the Hubble parameter H, is given by Eq. (103). From Eq. (104), the temperature, T of the photon gas can be obtained as
where we have assumed Γ 1 = Γ 2 , and we have denoted
. We point out that in the warm inflationary proposal, there are both quantum and thermal fluctuations. Thermal fluctuations depend on T , while quantum fluctuations depend on H. One important feature of warm inflation is that the fluid temperature must be bigger than the Hubble parameter, T > H, a condition stating that the thermal fluctuations overcome quantum fluctuations, and thus they become the origin of the Universe's large scale structures. Now in order to investigate the observational constraints on the warm inflationary era we introduce the first, and second slow-roll parameters, which are defined as
The amount of cosmic expansion during inflation is measured through the number of e-folds N, defined as
Once the expression of the re-scaled time at the end of inflation, τ e , is obtained from the relation ǫ 1 (τ e ) = 1, Eq. (180) is used to derive the re-scaled time at the time of the horizon crossing, i.e. τ ⋆ , in terms of the number of e-folds. Then, all the perturbation parameters can be expressed in terms of the number of e-folds.
Therefore by means of Eq. (178) at the end of inflation we obtain
Then from Eqs.(180) for the horizon exit time we find
To investigate the accuracy of a theoretical model, one has to perform a comparison between its predictions with the observational data. In this regard, we will obtain some important perturbation parameters, such as the amplitude of scalar perturbations, the scalar spectral index and the tensor-to-scalar ratio, and they will be compared with the Planck-2018 data [149, 150] . Following [147, 148, 67, 98] , the amplitude of the scalar perturbations P s can be obtained as
From Eqs. (100), (103), (177) and (183) we obtain
The scalar spectral index n s is obtained from the amplitude of the scalar perturbations, and it is defined as
where we have assumed that d ln(a) d ln(k) = 1. Hence we obtain n s (τ) =
Tensor perturbations, known as gravitational waves, are measured indirectly through the tensor-to-scalar ratio parameter r = P t /P s . The amplitude of the tensor perturbations is given by [147] 
The tensor spectral index is defined as
To compare our results with observations we can considered the consistency relation to obtain the tensor to scalar ratio parameter i.e. r = −8n t . The last terms in both Eqs.(187) and (189) are obtained by considering the reparameterized Hubble parameter introduced in Eq. (103). The constant parameter Γ 1 can be determined by using the observational data for the amplitude of the scalar perturbations, P s (τ ⋆ ) = P ⋆ s = 2.17 × 10 −9 at the horizon exit time as
Now with the help of Eqs. (182), (189) and (186), and also by using the expression of Γ 1 calculated in the above equation, we can estimate the free parameters of the model. We present the obtained results in Table 1 .
The Planck full mission temperature data and a first release of polarization data on large angular scales gives for the spectral index of curvature perturbations the value n s = 0.968 ± 0.006, while the upper bound on the tensor-to-scalar ratio is r 0.002 < 0.11 (95% CL) [13] . This upper limit is consistent with the
r n s 0.01 10 Table 1 : The comparison of the perturbation parameters n s and r, obtain in the warm inflationary scenario with Barrow-Saich type potential, with the PlanckTT+LowP+Lensing (Planck2015) results [13] . To perform this analysis we have fixed the value of the reparameterized time as τ = 0.02, and we fixed τ 0 = 5.1. To avoid imaginary or negative values for cosmological parameters we have adopted for Γ 1 the value Γ 1 ≃ 10 −2 GeV. To estimate the free parameters of the model we have used N = 65 for the number of efolds.
B-mode polarization constraint r < 0.12 (95% CL), obtained from a joint analysis of the BICEP2/Keck Array and Planck data [13] . As one can see from the Table 1 , the comparison of the theoretical predictions with the observational data show an acceptable concordance between the theoretical model, and the observational results, with r and n s taking on the edge values for the considered model parameters. Hence, despite their simplicity, irreversible warm inflationary models with Barrow-Saich potential can give at least a qualitative description of warm inflation, once the thermodynamic of irreversible processes has been properly included in the general formalism.
Higgs potentials and slow-roll conditions
As a next step in our investigation of the cosmological constraints on the warm inflationary models with irreversible photon fluid production we will investigate the case of the Higgs potential driven inflation. In both the warm and cold inflationary scenarios one can usually explain the accelerated expansion phase of the Universe taking place at very high energy scales, in which the scalar field is the dominant component. Nevertheless, the very important difference between these two approaches is that besides a scalar field, in the warm inflationary scenario another component of the cosmological fluid is present, usually taken as radiation, with the two components interacting. But a correct thermodynamic description of particle production needs to take into account the irreversible nature of the process, as well as the fact that during inflation the Universe represents an open system. In the case of a scalar field with a Higgs type potential U(φ) = ± µ 2 /2 + ξφ 4 /4, the evolution equation of the scalar field and of the cosmological fluid are given by Eqs. (163)-(167), with the generalized Friedmann equations taking the form
Due to the irreversible interaction between scalar field and radiation, there is an energy flux from the scalar field to the photon gas, and this process is described through the conservation equations, namely Eqs. (164) and (166).
Additionally, the Klein-Gordon equation, Eq. (63) or (165), known as the equation of motion of the scalar field, can be rewritten asφ
where the parameter
is the ratio of the radiation production to the expansion rate. At this moment we would like to point out that in warm inflation the slow-roll approximations are still valid, that is, in order to have a quasi-de Sitter expansion, the rate of the Hubble parameter during a Hubble time must be small. This condition is imposed via the first slow-roll parameter, defined in Eq. (178). In the following we will introduce a number of approximations. First of all, we assume that the energy density of the scalar field dominates over the photon fluid energy density. Secondly, we also suppose that the kinetic term of the scalar field is negligible as compared to its potential term, that is, we have ρ φ ≫ ρ rad and ρ φ ≃ U(φ), respectively. Moreover, similarly to the assumptions that we also have in super cold inflation, in warm inflationary scenario we expect that the photon production rate is quasi-stable during inflationary expansion, so thaṫ ρ rad ≪ Hρ rad andρ rad ≪ Γφ 2 , respectively. These constraints lead to the result that the friction term in Eq. (178) is much larger than the termφ.
Then from Eqs. (191), (193) , and (166) it follows that the description of the cosmological expansion can be reduced to the following approximate equations
where T is the temperature of the photon gas. By using the definitions introduced in (178) and (179), it follows that in terms of the field potential and of Q the slow-roll parameters can be expressed as
In calculations related to the power spectrum and spectral indices it is common to introduce two other slow-roll parameters, which are defined in terms of the potential and of Q as,
The slow-roll parameter ǫ 2 can be expressed in terms of the above slow-roll parameters through the relation
Due to the appearance of the term (1 + Q) in the dominator of the slow-roll parameters, it follows that their smallness can be guaranteed for a large range of potentials that satisfy the slowroll approximations.
The smallness of the slow-roll parameters indicates that first the Universe had a quasi-exponential accelerated expansionary phase, in which it did stand for an enough high number of efolds so that the standard problems of the hot Big Bang model can be solved. The number of e-folds, defined in Eq. (180), can be rewritten as functions of the scalar field as,
where the last equality is obtained by using Eqs. (195) and (196), respectively. All the results presented above depend on the functional form of the dissipation coefficient Γ 1 , which generally can be assumed to be a function of the thermodynamic parameters. Such a dependence may strongly affect the cosmological dynamics, as well as the particle creation/decay processes. For example, by assuming a power-law dependence of Γ 1 on the temperature, so that Γ 1 = Γ 0 T α , where Γ 0 and α are constants, for the case of the Higgs potential the parameter Q becomes
while the radiation energy density varies according to
Hence for the case of a temperature varying dissipation coefficient the energy density of the radiation may increase much faster as compared to the constant Γ 1 case. The slow-roll parameters, as well as the number of e-folds will become explicit functions not only of the scalar field, but also of the photon temperature. However, in the present study in order to perform a full comparison of the theoretical model with the observations, in the following we will adopt the simplifying assumption of constant dissipative coefficients. The primordial curvature spectrum generated during warm inflation is an important observational indicator that can be used to observationally discriminate between different models. The primordial spectrum is dominated by the thermal fluctuations of the radiation fluid, generated due to the dissipative effects in the scalar field [52, 54, 56, 59] . However, since dissipation means departures from the equilibrium state, other physical effects like the presence of a shear viscous pressure in the photon fluid may also play an important role [56] . The scalar power spectrum in warm inflation is given by [98] 
where
is the statistical distribution of the scalar field at the horizon crossing. Since in warm inflation the condition T >> H must hold, we can approximate N * ≃ T/H ≫ 1. Moreover, by assuming Q < 1, we can approximate F as F ≃ 2(1 + πQ)T/H. From Eq. (197) we obtain for the temperature of the photon gas the expression
which allows to obtain the power spectrum in the irreversible thermodynamic description of warm inflation as
(207) In the opposite limit of the strong dissipation we can approximate F as F ≈ √ 3πQ (T/H), giving for the primordial power spectrum of the irreversible warm inflation the expression
The relations are different from those obtained in the standard warm inflation model [52, 54, 56, 59, 98] , with the differences arising from the different behavior of the photon gas temperature, as obtained from Eq. (197). The primordial inflationary power spectrum depends explicitly on the scalar field particle number, and such a dependence does appear in both weak and strong dissipation limits.
Weak regime
In the weak dissipative regime we suppose that the dissipative ratio is much smaller than unity, Q ≪ 1(Γ ≪ 3H), and thus we have (1 + Q) ≃ 1. By taking into account the relation between the dissipative ratio and the creation pressure for the scalar field, as given by Eq. (83), which gives Q = p (φ) c /φ 2 , the condition for weak dissipation Q << 1, is equivalent to the condition p (φ) c <<φ 2 , showing that in this limit the creation pressure associated to the scalar field is much smaller than the kinetic energy of the field. From a thermodynamic point of view weak dissipation implies the presence of low intensity particle creation processes.
The weak dissipative approximation makes the evolution equations much easier to analyze, since by virtue of Eqs. (195) and (196) the time derivative of the scalar field is expressed aṡ
Also, by taking this approximation into account, with the use of Eqs. (195) and (197), the temperature of the fluid is obtained easily as a function of the scalar field as
where T 0w =
. In the investigations of warm inflation based on the thermodynamics of closed and adiabatic systems, to reduce the degrees of freedom of the model, usually one introduces an ansatz for the dissipation coefficient function, Γ(φ), as a mixture of powerlaw and inverse-power-law functions of the scalar field. But in the present approach of the thermodynamics of open systems we can reduce the degrees of freedom, and we can find the solution of the full set of evolution equations without the need of any strong supplementary assumptions (for the exact results on the Higgs potential see Subsection 4.3.2).
The case µ 2 > 0.. In the following we will restrict our analysis to the case µ 2 > 0 only, that is, for the Higgs potential we adopt the expression U(φ) = µ 2 2 φ 2 + ξ 4 φ 4 . Then, from Eq. (164), by assuming Q >> 1, that is, that the portion of dissipative term should be small in weak regimes, the variation of the particle numbers of the scalar field n φ is obtained in the form,
where n 0φ is an arbitrary constant of integration. The slow-roll parameters, introduced in Eqs. (198) and (199), are obtained as
Inflation ends at ǫ 1 (φ) = 1 for φ e = φ e (µ, ξ), where φ e is a solution of the algebraic equation
The scalar field at the horizon crossing is found from the number of e-folds. Hence from Eq. (201) one arrives at the expression,
which subsequently gives
To obtain the above relation we have supposed that ξφ 2 is much less than µ 2 . The comparison with observations will justify this assumption.
As mentioned in the previous Sections, in the weak dissipative regime, the parameter Q ≃ 1 at the time of horizon exit.
The amplitude of the scalar perturbations in these regime is defined as
where δφ 2 = H × T , and it is given by
From Eqs. (185) and (218) it also follows that the scalar spectral index in the weak regime is obtained as
where η can be defined through the slow-roll parameter ǫ 2 as ǫ 2 = −η + ǫ 1 . Explicitly, for scalar spectral index we obtain
Following the tensor spectral index definition
the tensor spectral index n t is found as
The tensor-to-scalar ratio in this case is also obtained as
To compare the results of the model with observational data, the above perturbation parameters will be computed at the horizon crossing.
From Eq. (218), the model constant parameter Γ 1 is found in terms of µ, ξ and N as
where as before the parameter P ⋆ s = 2.17×10 −9 is the amplitude of the scalar perturbations at horizon exit.
Using the r − n s diagram of Planck-2018, one could plot a µ − ξ diagram as shown in Fig. 19 , where the dark blue color indicates an area of (µ, ξ) where the results for n s and r stand in 68% CL. The light blue color indicates an area of (µ, ξ) in which the point (r, n s ) of the model stands in 95% CL.
An important feature of the warm inflationary scenario is that the thermal fluctuations overcome the quantum fluctuations, since the fluid temperature is bigger than the Hubble parameter. To have a healthy warm inflation model, this condition should be satisfied during the cosmological evolution. Fig. 20 describes the behavior of the ratio of the temperature to the Hubble parameter during this era. From the Figure one can see that the condition is satisfied during this phase of cosmological expansion. The ratio of the temperature to the Hubble parameter during in the warm inflation model with irreversible matter creation in the weak dissipative regime versus the number of e-folds for different values of (µ, ξ). As one can see from the plots, based on log-log command, during inflation the temperature is larger than the Hubble parameter, and the condition T > H is satisfied properly.
Strong regime
In the strong regime of the warm inflation, the dissipative ratio is usually much larger than unity, so that (1 + Q) ≃ Q. This condition implies Q = p (φ) c /φ 2 >> 1, indicating that the creation pressure is much larger than the kinetic energy of the field. The cosmological evolution is dominated by particle creation processes, and the energy transfer from the field to the radiation fluid is maximal.
In this case, the analyzes of the model becomes more complicated, and the cosmological dynamics is significantly different from the weak dissipative regime. In this approximation, with the use of Eqs. (195) and (196), the time derivative of the scalar field is expressed aṡ
Using Eq. (195), the form of the temperature of the photon fluid is obtained as same as in the weak regime. One should notice that as compared to the weak regime, in the strong regime there are some differences originating from the form of the scalar field at the horizon exit.
In the strong regime, to obtain the main perturbation parameters we must first find the function n φ . This can be done by using Eqs. (164) and (225), with the function n φ obtained as,
where we have considered the Dirichlet boundary condition, n φ (0) = 0, to obtain the integration constant, and we have approximated the potential as U(φ) ≈ µ 2 φ 2 /2. The dissipative ratio Q is given by
In the strong dissipation regime, the slow-roll parameters introduced in Eqs. (198) and (199), are obtained, after substituting Eq. (227), as
Similarly to the weak regime case, inflation ends at ǫ 1 (φ) = 1 for φ e = φ e (µ, ξ), where φ e is a solution of the algebraic equation
From Eq. (201), with Q ≫ 1, the general expression for the e-folds number is obtained as,
After some algebra, and by expanding tan −1 and the logarithmic functions, Eq. (232) can be expressed by
(233) By substituting the solutions of Eq. (231) for φ into Eq. (233) we can obtain the suitable value of the scalar field at the horizon exit.
From Eq. (183) the amplitude of the scalar perturbations in the strong regime is obtained as
where we have denoted 
To obtain the above equation we have used the relation
The amplitude of tensor perturbations in strong dissipative regimes is given by [147, 148] 
Then, the tensor-to-scalar ratio is obtained as follows [149] , on r − n s plane. We depict the predictions of our scenario, for the strong regime case with the efolding value N = 56 (smaller circle), and N = 65 (larger circle). In this case we fixed Γ 1 = 10 4 GeV and the mass of the scalar field at m φ = 2 × 10 −10 GeV. In this diagram the free parameters of the model are estimated for µ = 65 GeV and ξ 1/4 = −2.0. Figure 22 : The ratio of the temperature to the Hubble parameter in the warm inflation model with irreversible radiation creation in the strong dissipative regime versus the number of e-folds for different values of (µ (GeV) , ξ). As one can see from the plots, during inflation the temperature is larger than the Hubble parameter, and the condition T > H is satisfied properly. To plot this diagram we have considered Γ 1 = 10 4 GeV. Now following the same procedure as the one introduced for the weak regime case, but by using the r−n s diagram of Planck-2018, we can estimate the µ−ξ amounts, as shown in Fig. 21 . In the Figure the solid line indicates the estimated amounts of the free parameters (µ, ξ) are in good agreement with observations arisen from Planck 2018 results (T T, T E, EE+LowE+lensing+ BK14 + BAO) [149] .
To investigate the consistency of the model we have to study the thermal-quantum perturbation ratio, T/H. Fig. 22 shows the behavior of the ratio of the temperature to the Hubble parameter in the strong dissipative regime case. From the Figure  one can see that the condition is satisfied during this phase of cosmological expansion.
Discussions and final remarks
In the present paper we have shown that the thermodynamics of the open systems is a valuable tool for describing the interacting scalar field -radiation fluid phases of the general relativistic cosmological models. As applied to a two component (scalar field and radiation) warm inflationary cosmological model, the thermodynamics of irreversible processes in open systems provides a generalization of the standard theory of scalar fieldradiation decay/creation, and of its inflationary implications. During the scalar field energy dominated phase of the expansion of the Universe, the energy contained in the scalar field can generate particles via single particle decay, and such a process is generally not forbidden thermodynamically. Thus, the model presented in this paper gives a rigorous (but still phenomenological) thermodynamical foundation, and a natural generalization, of the theory of warm inflationary models. As required by the thermodynamics of open systems, particle creation (decay) gives rise to a supplementary creation (decay) pressure, which must be included as a distinct component in the energymomentum tensor of the cosmological scalar field -radiation mixture.
We have considered only photon creation in a single scalar field dominated Universes, leading to a warm inflationary model in which the particle production rate is extremely high at the beginning of the inflationary period, reaches a maximum at the end of inflation, and afterwards, when the scalar field energy and pressure become dominated by the scalar field potential, it tends to zero. At the end of the inflation, and in the post-inflationary phase, the kinetic energy of the scalar field becomes negligibly small. As for the matter content of the postinflationary, we made the simplifying assumption that the Universe did consist entirely of a relativistic, radiation type component only. Of course for the realistic description of the cosmology of the early Universe the presence of more particles is necessary to be taken into account. However, the inclusion of other decay channels for the scalar field can be done in a straightforward manner in the present formalism, with each of such particle creation process generating its own creation/decay pressure, which must be taken into account in the gravitational equations describing the expansionary history of the early Universe.
In our approach we have adopted the fundamental assumption that the early Universe can be described as an open thermodynamic system. However, up to now no clear and consistent definition of the concept of open system in the cosmology of the early Universe has been proposed, and different authors use this thermodynamic concept in different ways, and with different meanings. For example, in the approach pioneered in [101] , and further developed in [104] and [105] , an open system is considered as a system in which particle and entropy creation takes place. The early Universe is then defined as an open system in this sense. The particle creation corresponds to an irreversible energy flow from a source to the newly created matter constituents. An alternative interpretation considers the inflationary Universe as an open system due to the coupling of the cosmological modes to a bath of comoving momentum modes of the canonically normalized scalar degree of freedom, by considering a single cubic interaction term in the Einstein-Hilbert Lagrangian [151] . Hence, in this approach, the shortlong mode coupling generates an effective cosmological fluid -bath interaction. Another definition of the concept of open system in cosmology was proposed in [152] , where the classi-cal geometry is treated as the system, and the quantum matter field as the environment. This approach allows the derivation of a fluctuation-dissipation theorem for semiclassical cosmology, which embodies the backreaction effect of matter fields on the dynamics of spacetime, leading to a backreaction equation derivable from the influence action in the form of an Einstein-Langevin equation that contains a dissipative term. For the applications of the theory of open quantum systems to de Sitter geometry see [153] , where the dynamics of a freely-falling twolevel detector in weak interaction with a reservoir of fluctuating quantized conformal scalar fields in the de Sitter invariant vacuum is considered. The Hawking effect for black holes was considered in the framework of open quantum systems in [154] , where a two-atom system was treated as an open quantum system placed in a bath of fluctuating quantized massless scalar fields in vacuum.
By using the fundamental principles of the thermodynamics of open systems and of irreversible processes, and the Einstein field equations, we have developed a consistent and systematic approach that can describe the time evolution of the two matter components (scalar field and radiation) in the warm inflationary scenario. By adopting an appropriate set of initial conditions for the cosmological quantities, the general equations describing warm inflation with irreversible matter creation can be solved numerically. During warm inflation, the particle number density of the scalar field decreases rapidly to (near) zero, while the number of photons increases from (approximately) zero, to a maximum value, thus providing the initial conditions for the standard Big Bang model of the Universe. The photon fluid reaches a maximum temperature at the end of inflation, with the maximum temperature a function of the physical quantities describing the warm inflationary model (scalar field potential parameters, scalar field decay width, energy density of the scalar field), and of the cosmological parameters, like, for example, the numerical value of the Hubble function at the time interval when the energy density of the radiation reached its maximum value.
As a direct cosmological applications of our results we have investigated the effects of particle creation in warm inflationary scenarios for three different forms of the scalar field potential -the scalar field with Barrow-Saich potential, and scalar fields with constant and Higgs type potentials. All these potentials generally lead to similar qualitative results for the warm inflationary scenario. If for the Barrow-Saich potential a complete analytic solution of the field equations is possible, for the scalar field with constant and Higgs type potentials only numerical solutions are possible. But what we have found from the numerical investigations of the warm inflationary models is that the choice of the functional form of the scalar field potential has an essential effect on the warm inflationary cosmological dynamics, and on the associated photon gas creation. This influence can be seen very clearly in the case of the Higgs potential, with µ 2 > 0, and µ 2 < 0, respectively. Major differences do appear in the time intervals for which the maximum energy density of the radiation fluid is reached, as well as in the decay rate of the particle number and energy density of the scalar field. Significant differences occur in the time evolution of the deceleration parameter, whose behavior also indicate the end of inflation. Moreover, the cosmological dynamics also strongly depends on the numerical values of the Higgs potential parameters µ 2 and ξ.
Hence, the scalar field potentials have a unique quantitative signature on the properties of radiation after the warm inflationary phase. By using the latest Planck satellite data we have also performed a general comparison between the theoretical predictions of the model, and the constraint on the inflationary parameters provided by the study of the Cosmic Microwave Background Radiation. By using the observational data we have obtained some general estimates on the decay width Γ 1 of the scalar field, as well as on the parameters µ 2 and ξ in the Higgs type scalar field potential. Generally, we can obtain an acceptable concordance between theoretical predictions and observations. However, these results on the numerical values of the model parameters are still of a qualitative nature, since a basic cosmological theory is needed to explain the physical conditions in the early Universe. The warm inflationary models with Higgs type potentials could accelerate the radiation fluid production processes, and they may lead to radiation creation even after the photon fluid energy density has attained its maximum value. The process is similar to the one induced by the Higgs potentials model.
Photon creation has very important implications on the dynamics and evolution of the very early Universe. The details of the scalar field-radiation fluid interaction mechanism depend on the (poorly known) parameters of the particle physics models necessary to describe the newly created photons. One of the important parameters in the model is the mass of the inflationary scalar field particle, which is an essential physical parameter in the description of the scalar field-radiation interaction process. Unfortunately, presently there is no definite answer giving the value of the mass of the inflaton scalar field, as well as of the physical parameters describing scalar field-radiation fluid interaction in the very early Universe. An interesting consequence of particle creation is its relation to the so called arrow of time: a process that yields a direction to time, and allows to distinguish the past from the future. One can consider two distinct arrows of time. The first one is the thermodynamical arrow of time, which is given by the direction in which the increase of the entropy takes place. The second arrow of time is the cosmological arrow of time, given by the direction in which the Universe expands, and evolves in time. Particle creation leads to an asymmetry in the Universe's evolution, and permits us to introduce a thermodynamical arrow of time. Interestingly enough, in our model the thermodynamic arrow of time agrees with the cosmological one, both indicating the same direction of thermodynamic evolution. This agreement is naturally determined by the decay of the scalar field, and of its direct consequence, irreversible photon fluid creation.
In our present study we have introduced some basic theoretical tools that could allow a thermodynamically rigorous formulation of the warm inflationary models. In our approach we have completely neglected the quantum aspects of the radiation production, as well as the intricate aspects of the scalar field decay. These aspects of the thermodynamic theory of the scalar field -radiation fluid interaction and their implications on warm inflationary models will be the subject of a future work.
